Superconducting Magnetic Energy Storage (SMES) plants have been proposed in both solenoidal and toroidal geometries. The fonner is efficient in tenns of the quantity of superconductor required per unit of stored energy. For applications where a fringe field could be a problem, the toroidal geometry, which requires at least a factor of two more material, has been proposed. In addition to the solenoid and toroid, other geometries are possible, such as linear multipoles and spherical coils. These geome tries have been considered for use in applications other than energy storage. In this report, the effectiveness (quantity of superconductor/stored energy) is calculated for various coil geometries.
Introduction
This report provides a comparison of various coil geometries in terms of the quantity of conductor, Qsc, required to stOre a given quantity of energy, E. In an earlier study. it was shown that a toroidal coil is less effective than a solenoid. l Other coil geometries, such as long dipoles of the type used for accelerators and spherical coils considered were not included in these comparisons.
The effectiveness of the coils in storing energy could be expressed in several ways. For this evaluation. we choose to search for a maximum in the quantity E/Qsc, where E is in Joules, and Qsc is in Ampere·meters. The "maximum" is found by varying coil parameters, such as the ratio of diameter to length in a dipole.
It has been shown 2 that the conductor requirements for coils depend on the geometry, the peak field, and the stored energy at the peak field level. In particular, for a given coil geometry. a large coil is more effective lhan a smaller one, and a coil producing a high field is more effective than one producing a lower field. The relationship is given by KE,B ,g = E/Qsc = Cg·l El/3B 1/3 , where C g depends only on the coil geometry.
(I)
The quantities of interest in comparing various coils are C g , which has units (J-2/3T 1/3 Am) and, for a given field and stored energy, Kg in (J/Am). The value C g can be used to determine the mass of superconductor for a given coil (2) where p is the density of superconductor in kg/m 3 and J is the average current density in the coil.
The analysis here will be valid for any type of conductor and any application. However, to make a fair comparison, both size and field must be fixed, thus the proposed Superconducting Magnetic Energy Storage (SMES) plants, having capacities of 5500 MWhr and peak fields of about. 5 T, will be used as a reference point Comparisons will be made on the basis of Ca and KS,5,g, which are related by
In the following sections, the notation K5 5 a will be , '0 shonened to Kg. These calculations are for very large coils at a field of 5.0T, which implies that the thickness of the superconductOr in the windings, only a few millimeters, is quite small compared to the other dimensions. This would not be true at a few tens of MJ of stored energy, where the optimization migh t be differenl
The analysis below shows that the most effective coil for energy storage is the thin walled solenoid, which is the type of coil that is proposed for the Slv£ES program. The only other coil types that approach the solenoid in effectiveness are those that are topologically similar, and then only in the limit where they are geometrically similar. coil to consider, the poloidal coil (subscript p)producing a toroidal field can be calculated in closed form and is considered first to show the approach.
This coil may be thought of as a winding that is formed on the swface of a donut with the conductor turns wound on the minor radius. One characteristic of this type of coil is the very low fringe field compared to the solenoid.
The inductance of a toroidal'coil is given by3 (4) where b is the ratio of minor radius, a, to the major radius R. For a total current, It, the stored energy is
the maxim urn field is (6) and the quantity of conductor required for the coil is which can be expressed in terms of the energy and field
The val ues of EfQsc are given in Table I for b in the range 0.05 to 0.8. Coils having smaller aspect ratios could be used, but they are even less effective in their use of conductor. The simple, thin·wailed solenoid with height h and radius R, which is described by the aspect ratio, ~ = h/2R, has been shown to be an effective geometry for energy storage. Most SMES. studies have developed coils with this geometry. The superconductor required in a solenoid is given br (10) where the subscript s refers to the solenoid. The inductance for the solenoid of rectangular cross section cannot be given in closed form; it must be calculated numerically. The general expression for the inductance of this type of coil was developed by Nagaoka 5 , but the usual reference, which has extensive tables, is the book Inductance Calculations by Grover. 6 At preseO[, a variety of computer programs can be used to calculate the inductance of a solenoid of almost any shape.
The stored energy per unit of conductor (11) is calculated numerically and lhe results are given in Table II for aspect ratios between 0.01 and 1.0.
The variation of the effectiveness of solenoids with different aspect ratios, in terms of conductor utilization is quite evidenL The "best" solenoid can store 83 Joules for each Ampere·meter of conductor, whereas the lowaspect-ratio, which is preferred for SMES due to its low outward radial pressure, coil stores only 55.
Another type of solenoidal coil, one having a circular cross section, the poloidal coil, which carries a toroidal current, is also a relatively effective coil in terms of EfQsc. At an aspect ratio of 0.1, it stores 74 J/Am. In the limit of very low aspect r"tios, it approaches the solenoid in terms of effectiveness. The values of C, and K, for the peloidal winding are also given in Table II . From Lime to Lime, the concept of a long axial current with some son of return path is proposed for an energy storage device. This case is usually a pan of a force-reduced coil geometry, which has been shown not to be valid. 7 The axial current above needs a return path.
When this return path is included, the axial current can be dismissed quickly as a separate geometry because it can be considered as either a toroid or a solenoid, depending on the form of the return path. In either case, the shape is at an extreme limit of aspect ratios, b or ~, and thus, it is ineffective in the yse of superconductor.
Linear Myltioole Coils
Another group of coils that are frequently used, though not generally considered for energy storage, are the linear multipole coils. These coils are characterized by having a long axial region in which the field pauern does not vary. They are used in accelerators for bending and focusing beams of charged particles.
Because these coils have a "two-dimensional" field over a long region, they do not follow the same scaling law as the solenoid and the torus, though there is a limit, discussed below, where the dipole approaches the solenoidal form.
The fields in the linear multipole are most simply expressed in cylindrical coordinateS. The current, which is axial, may be thought of as a sheet on the swface of a cylinder. The circumferential disrribution of current is sinusoidal and is given by J = l(S) z = l z cos(nS) Ii (r-R) z , (12) where the bold print indicates a vector quantity.
The value of n determines the multipole number, the acrual number of poles being 2n. The delta function places the current sheet at a radius R. The fields inside and outside appear to be two dimensional in the approximation that the coil is very long. In fact, this approximation is not valid for shan coils and a correction is needed for the ends. We stan with a calculation of stored energy for 'the two dimensional case; then a correction is given for the end effects in the form of added conductor for the return path.
This current produces a vector potential
The stored energy per unit length is
The total energy in a length L is thus
The total superconductor requirement for this type of coil is
The effectiveness of this coil is then
This expression shows that of the linear multipoles, only the dipole, where n = I , need be considered because all higher multipoles are less effective by a factor lin.
The effect of the end of the coil is to increase the conductor requirements without significantly changing the stored energy. The increase is due to the additional material required at the end for the current to turn around. The quantity of superconductor required in a real coil can be approximated by
and the effectiveness of the coil becomes
The quantity R', which is usually somewhat larger than R, is the length of the return path that the conductor must make at the ends of the coil. In most applications, the length is much greater than the radius so the value in parentheses, L+2R', reduces 10 the length. For short coils, where L = R, the above equation for stored energy is no longer valid. And, for n = 1, the coil begins to look like a solenoid.
The values of Kct are given in Table III for dipoles of different lengths and radii, and the effect of the ends is apparenL b. Effectiveness with a realistic end approximation.
Soherical Coils
This class of coils is restricted to circular, poloidal, currents on the surface of a sphere, though more complicated current shapes are possible. Spherical polar coordinates are used to describe the magnetic fields and the currents for coils of this geometry. The most effective current distribution is given by the expression J = J o 0 = I (Insin(n9) + Imcos(m9)) 0. (20) m,n=o
In this coordinate system, the fields are pure multipoles when the values of In and 1m are related as coefficients of the Legendre polynomials.
The expressions for the stored energy and the quantity of conductor required are more complicated than for the earlier cases. However, as for the linear-multipole coils, the higher multipoles are less effective than the lower order terms. Thus, we need only consider the analog to the dipole. In this geometry there are rwo dipole forms. The simplest to analyze, and the most effective, is the case where 1(9) = 11 sin 9 .
For this case, after a bit of calculation, the effectiveness of the coil is found to be K5,5,sp = 72 JIAm,which approaches the effectiveness of the solenoid.
Conclusion
The "best" coil for energy storage is obviously the thin-walled solenoid, as shown below in Table N . 
